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INTRODUCTION 
Mankind has long been aware of the attendant dangers of 
the disposal of human and other wastes. The religion of the 
ancient Persians, prior to Moses, prohibited the discharge of 
waste into rivers. Pollution problems have grown, and will 
continue to grow, as our technology and standard of living 
continue to improve and as population increases. Historically 
our approach to the problems of environmental pollution has 
been to apply the economically feasible control provided by 
existing technology. The current trend includes scientific 
study of the amount of pollution an environment can absorb 
without adversely affecting human health and welfare and the 
balance of nature. 
Assessment of the magnitude of the pollution problem on 
land and in the air and sea is difficult. But it has been 
estimated that the oxygen-demanding portion of domestic and 
industrial waste is increasing so much more rapidly than waste 
treatment efficiency that the oxygen demand of treated wastes 
will be great enough by 1980 to consume the oxygen content of 
the dry-weather flow of all twenty-two river basins in the 
United States (National Academy of Sciences—National Research 
Council, 1966, pp. 12-13). 
The increasing national interest in pollution control is 
demonstrated by the legislation and programs which provide 
grant funds for municipal sewage treatment plants: 
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1. Federal Water Pollution Control Act of 1956 
(amended in 1961) 
2. Public Works Acceleration Program in 1962 and 
1963 
3. Water Quality Act of 1965 
In addition to providing grants, the Water Quality Act of 1965 
requires the states to establish and enforce water quality 
standards for interstate waters, or the federal government 
will step in and set the standards. Other legislation in 1965 
provided construction funds under four additional departments, 
among which is the Farmers Home Administration Act (Department 
of Agriculture). This act authorizes grants to nonprofit 
public agencies and corporations for constructing water supply 
and waste collection, treatment, and disposal systems in rural 
areas. 
The importance of research has also been emphasized in 
these acts under the Advanced Waste Treatment Research Program 
by adding new research laboratories and by obtaining the 
services of other federal, state, and local agencies and uni­
versities, Processes being investigated comprise adsorption, 
electrodialysis, foam separation, distillation, solvent extrac­
tion, emulsion separation, freezing, hydration, chemical 
oxidation, ion exchange, electrochemical degradation, and 
reverse osmosis. The first four processes look promising for 
large-scale use. 
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Nature of the Problem 
Farm animals contribute considerably more wastes than 
humans in some watersheds, and the excreta of farm animals may 
be a major source of water pollution. This problem will 
increase as the human population increases, because the animal 
population will also rise. The problem is intensified further 
by growing water demands. 
Disagreeable odors and the breeding of flies are associ­
ated with accumulations of animal manure. These characteris­
tics are particularly important in view of the frequent 
concentration of farm animals near the urban markets. Animal 
wastes are also a hazard to human health inasmuch as they may 
contain pathogens that are common to animals and man. At 
least one state requires that a permit be obtained for any 
animal-waste treatment facility that discharges to a water­
course (Illinois Department of Public Health, 1966). 
The advent of automation and confinement production has 
created a major problem for the American farmer in the dis­
posal of farm animal wastes, because of the increased animal 
concentration. And the modest amount of research on the 
animal waste problem has not yet produced a single method that 
is generally satisfactory for both the treatment and disposal 
of animal manure from confinement production systems. The 
specific waste considered herein is that from swine. 
It is likely that eventually the majority of hogs in this 
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country will be raised in large confinement systems. One 
example of such a system is beginning operation near Alta, 
Iowa. Within five years, the expectation is that nearly 
100,000 hogs will be finished annually (Patrick, 1966). 
Some impression of the magnitude of the swine waste 
disposal problem can be given by comparing the wastes left by 
man and animals. The 1960 population of the United States was 
about 179 million and the Iowa population was about 2.8 million 
(United States Department of Commerce, 1961, pp. X and 1-25). 
In 1960 about 88 million hogs were raised in the United States 
and about 19 million hogs were raised in Iowa (United States 
Department of Agriculture, 1962, pp. 326 and 329). If the 
population equivalent of a hog is considered to be 2.5 
(Taiganides, 1963, p. 52; Jeffrey et al., 1964, p. 60; Irgens 
and Day, 1966) , swine waste in the United States would be~-
equivalent to that of one-half the human population, and in 
Iowa it would equal about seven times the waste of humans. 
Allowance for the five-month period to produce a market hog 
was made in calculating these relationships. 
A common method of manure disposal is field spreading, 
either in liquid or semi-solid form. The large labor require­
ment and commercial fertilizers have reduced the economic 
feasibility of manure as a source of crop nutrients. And the 
limit to the amount of manure that can be applied to a unit of 
land with conventional methods causes the requisite land area 
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to be excessive for any large feeding operation. Another 
disadvantage of this method for the large producer is that 
manure must be accumulated during periods when the weather 
renders fields impassable. 
Lagoons became popular because of the facility with which 
wastes are disposed of compared to field spreading. Manure 
lagoons have not, however, been entirely satisfactory, and are 
losing their popularity. They are usually underdesigned for 
aerobic oxidation. The result is an anaerobic lagoon with 
concomitant disagreeable odors. 
With proper design, however, an aerobic lagoon will 
perform satisfactorily. Schliekelman (1960) cites the design 
criterion of the Iowa State Department of Health for lagoons 
treating domestic waste as 20 pounds BOD^ per day per acre. 
Based on this standard and a population equivalent of 2.5 for 
a finishing hog (1 population equivalent is about 0.17 pounds 
BOD per day), an aerobic lagoon needs about 21 acres per 1000 
hogs. The Illinois Department of Public Health (1966) recom­
mends a non-overflow lagoon based on 1000 cubic feet per hog; 
that is, about 4 acres of lagoon per 1000 hogs. Consequently, 
by either standard, an aerobic lagoon has an exorbitant land 
requirement; which is a function of land value. 
Willrich (1966) and Curtis (1966) recommended 190 and 100 
cubic feet of anaerobic lagoon volume per hog. Allowance for 
ipive-day, 20°C biochemical oxygen demand. 
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a 5-year accumulation of sludge is included. If a design 
value of 150 cubic feet per hog is used and the lagoon is made 
8 feet deep, an anaerobic lagoon requires about 0.43 acres per 
1000 hogs. This is usually considered an excessive land 
requirement by any large producer. Another disadvantage of 
lagooning is the large volume of water needed for hydrauli-
cally conveying the waste and for supplying evaporation and 
any seepage losses. Seepage losses at the lagoon site must be 
compatible with maintaining a lagoon and the potential for 
groundwater pollution. 
Some additional disposal methods that have been attempted 
are composting, anaerobic digestion, incineration, dehydration, 
and plow-furrow irrigation. 
A variation of the extended-aeration system termed the 
oxidation ditch has been developed in the past ten years. 
This is the simplest activated-sludge system. The aeration 
unit is an earthen ditch, lined or unlined, usually constructed 
in the shape of a race track. A cylindrical rotor violently 
churns the mixture of sewage and activated sludge to aerate 
and circulate it. Activated sludge is retained in the ditch 
by stopping the rotor to allow sedimentation. The first cost, 
supervisory requirement, and maintenance cost of the oxidation 
ditch are low. 
The first experimental oxidation ditch was constructed at 
Voorschoten, Holland, in 1954. Pasveer (1960, 1963) reported 
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the success of this and other plants in Holland. The design 
loading has been about 11 pounds BOD per day per 1000 cubic 
feet of aeration-unit volume ^ with a detention time of 3 days 
and a high concentration of activated sludge. The high solids 
concentration renders the system insensitive to peak BOD loads. 
The reported BOD-reduction efficiencies were 95 to 99 percent. 
Inasmuch as the extended-aeration, activated-sludge 
system requires less land than field spreading or lagooning, 
is essentially odor free, does not attract flies, and provides 
a high degree of BOD reduction, it should be applicable for 
the treatment of swine waste from large confinement-feeding 
operations where a minimum of bedding is used and where the 
waste can be conveyed hydraulically. 
It was, therefore, the purpose of this research to 
investigate the extended-aeration, activated-sludge process as 
a means of treating swine waste. 
Objectives 
The objectives of this investigation of stabilizing swine 
waste by the extended-aeration, activated-sludge process were: 
1. to develop a mathematical model for the BOD-
reduction efficiency of the process 
2. to verify the model and evaluate its coeffi­
cients by conducting experiments with a 
laboratory-scale plant 
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Terminology 
Because much of the terminology used in the sanitary 
engineering field has been standardized, it is desirable at 
this point to present the following standard definitions taken 
from Bogert (1949). 
1. Activated sludge (p. 204) : 
Sludge floe produced in raw or settled sewage by 
the growtih of zoogleal bacteria and other organ­
isms in the presence of dissolved oxygen, and 
accumulated in sufficient concentration by 
returning floe previously formed. 
2. Activated-sludge process (p. 169); 
A biological sewage treatment process in which a 
mixture of sewage and activated sludge is agitated 
and aerated. The activated sludge is subsequently 
separated from the treated sewage (mixed liquor) 
by sedimentation, and wasted or returned to the 
process as needed. The treated sewage overflows 
the weir of the settling tank in which separation 
of the sludge floe takes place. 
3. Mixed liquor (p. 135) : 
A mixture of activated sludge and sewage in the 
aeration tank undergoing activated sludge 
treatment. 
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HISTORICAL BACKGROUND 
Some fifty years ago the origin of the activated-sludge 
process and the experimental work on which it was based were 
described in England by its pioneers, Ardern and Lockett, in a 
series of papers presented by them before the Manchester 
Section of the Society of Chemical Industry (1914a, 1914b, 
1915) . Since that time the process has been widely used 
throughout the world and the experience gained has shown it to 
be very adaptable. 
Before describing the developmental history of the 
activated-sludge process, it is well to consider the early 
experimenters who prepared the way for the birth of the 
process. 
Incubation Period 
The seed that brought forth the activated-sludge process 
was planted when man recognized that oxidation is an essential 
factor in the purification of wastewater, and therefore 
attempted to hasten the process by forcing air through it. 
The review that follows was taken, except where otherwise 
indicated, from Martin (1927, pp. 1-10). 
In 1882, in England, Angus Smith observed that putrefac­
tion is delayed by aeration. Further investigations of 
aeration were conducted in the period 1884-1894 by Dupre and 
Dibdin and Hartland and Kaye-Perry in Europe and by Drown, 
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Mason and Hine, and Waring in the United States. 
Waring was one of the first to apply aeration to the 
purification of sewage. In England, pilot- or plant-scale 
investigations were conducted by Mather and Piatt in 1893, by 
Fowler in 1897, and by Henderson in 1905. As the result of 
careful studies, Adeney reported in 1905 that the purification 
of sewage aided by aeration takes place so slowly as to render 
it impractical (Ardern and Lockett, 1914a). 
The subject was, however, reopened in 1910 by Black and 
Phelps. They aerated sewage in tanks containing racks of 
closely-spaced laths, and recognized the laths as merely a 
support for the bacterial slime. In 1912, Clark and Gage 
aerated sewage in a tank containing slate slabs located about 
one inch apart. The slate was observed to become covered with 
a compact brown growth soon after the tank was put into opera­
tion. They considered this growth an important feature of the 
system, in that it mechanically collected suspended solids and 
colloidal material. 
Fowler visited the United States in 1912 relative to the 
pollution problem of the New York harbor. After returning to 
England, he described to Ardern and Lockett the experiments of 
Clark and Gage, and suggested that work along similar lines 
might be profitable (Ardern and Lockett, 1914a). 
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The Activated-Sludge Process 
Ardern and Lockett 
Acting on Fowler's suggestion, Ardern and Lockett began 
conducting aeration studies. Contrary to the methods of other 
researchers, who disposed of the accumulated biological solids 
at the end of each experiment, they merely decanted the 
oxidized sewage and added raw sewage to the retained solids. 
This procedure was repeated several times, with the solids 
retained in the aeration tank each time. It was found that, 
as the amount of retained solids increased with repeated 
experiments, the time for oxidation of the sewage to complete 
nitrification (the test for satisfactory treatment used at 
that time) decreased from about five weeks to twenty-four 
hours. Ardern and Lockett (1914a) established the name for 
the retained solids as follows: 
For reference purposes and failing a better 
term, the deposited solids resulting from 
the complete oxidation of sewage have been 
de s ignated "activated sludge". 
They observed that the volume of activated sludge relative to 
the' volume of sewage being treated is important and also that 
temperature has an effect. 
Continuous-flow plants 
Up to this time, all experiments had been performed on a 
fill-and-draw basis. Ardern and Lockett thought a continuous-
flow system should improve the results. The percentage 
purification obtained in their experiments, however, was not 
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as good as for the fill-and-draw system with equal aeration 
periods (Ardern and Lockett, 1914b). But they did not con­
sider these results conclusive, and intended to continue the 
studies later. 
The transition from the fill-and-draw to the continuous-
flow system is not well documented. In 1917, a 250,000-gallon 
per day continuous-flow plant was brought into operation at 
Withington, England, and a 1,000,000-gallon per day plant was 
put into operation at Davyhulme in 1921 (Martin, 1927, pp. 26-
37) . 
The use of activated-sludge plants in the United States 
was established during the same period as in England. In 1917 
and 1918 plants were built at Houston, Texas, with capacities 
of 10,000,000 and 5,000,000 gallons per day, respectively. 
Major plants were soon brought into operation at Chicago; the 
Calumet and Des Plaines plants in 1922 and the North-Side 
plant in 1927. Information concerning plants in the United 
States was taken from Martin's book (1927, pp. 106-121). 
All of these plants used the continuous-flow system, and 
it soon was established as the only practical system. Aeration 
in most plants was accomplished by diffused air, but a number 
of plants that used mechanical surface agitation were con­
structed. 
Process theory 
It was first suggested that the activated-sludge process 
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was more of a physical than a biological phenomenon (Melling, 
1914). 
Baker performed experiments to determine the role of 
bacteria by attempting to sterilize the sewage and activated 
sludge, without changing their colloidal properties. He con­
cluded that biological action is necessary for the purification 
of sewage (Martin, 1927, pp. 130 and 131). The studies of 
Buswell and Long (1923) provided such convincing data, that 
the biological theory was accepted as the theory of the 
activated-sludge process. They concluded: 
The purification is accomplished by inges­
tion and assimilation by organisms of the 
organic matter in the sewage and its resyn-
thesis into the living material of the 
floes. This process changes organic matter 
from colloidal and dissolved states of dis­
persion to a state in which it will settle 
out. 
Oxygen utilization 
Knowledge of the rate of oxygen utilization and related 
factors was the next step in the preparation for developments 
in the activated-sludge process. 
The first quantitative measurements of the rate of oxygen 
utilization of activated sludge were reported by Grant et al. 
(1930). They found the rate directly proportional to the 
weight of volatile matter in the sludge. Kessler and Nichols 
(1935) confirmed this conclusion and developed an equation for 
predicting the rate of oxygen utilization. Sawyer, Nichols, 
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and Rohlich conducted extensive studies on oxygen utilization 
(Sawyer and Nichols, 1939a, 1939b; Sawyer, 1939, 1940a, 1940b; 
and Sawyer and Rohlich, 1939). They also concluded that the 
rate of oxygen utilization is directly proportional to the 
volatile solids concentration of the activated sludge; and, in 
addition, it is proportional to the influent BOD and tempera­
ture, and is a function of nutrition and the particular sewage. 
In more recent studies, Okun and Lynn (1956) determined 
that the 
...oxygen concentration of itself has 
little influence on the activity of the 
microorganisms responsible for biological 
sewage treatment. 
Process modifications 
The knowledge of oxygen requirements relative to the 
activated-sludge concentration, temperature, substrate, and 
nutrition was soon put to use in modifying the activated-
sludge process. Several modifications of the conventional 
process were developed. 
Tapered aeration In the conventional activated-sludge 
process, the air is introduced at intervals throughout the 
side of the aeration unit. The mixed liquor thus flows 
through the tank as a spiraling slug, rather than as a homo­
geneous mixture. The oxygen requirement, therefore, decreases 
as a slug is progressively treated along the length of the 
tank. Most designers have taken advantage of this fact to 
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reduce power costs by tapering the air supply to meet the 
anticipated oxygen demands throughout the aeration unit, 
following the example of Kessler et al. (1936) . 
Step aeration Gould (1942) used a system that he 
called step aeration at a plant in New York City. This system 
maintains fairly uniform oxygen requirements and feeds the 
activated sludge uniformly through the aeration unit. The 
return activated sludge and part of the sewage are introduced 
at the head of the aeration unit, and the remainder of the 
sewage is distributed in steps along the aeration unit. This 
modification effects savings in air requirements and in 
aeration-unit volume. 
Modified aeration It is not always necessary to 
obtain the highest possible degree of purification, but this 
was the goal up to 1943. Pilot-plant studies by Setter (1943, 
1944) in New York City demonstrated that the activated-sludge 
process could be operated to produce intermediate degrees of 
treatment. This was done by reducing the aeration solids to 
500 milligrams per liter and by operating with reduced aeration 
periods of 1.5 to 2 hours. 
Kraus system Activated sludges with poor settling 
characteristics are termed bulking sludges. Problems with 
sludge bulking led to the rule that aeration units should be 
loaded with no more than 35 pounds BOD per day per 1000 cubic 
feet of aeration-unit volume. Kraus (1945, 1946) developed a 
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system that eliminated the sludge-bulking problem and allowed 
an increase in the BOD-load capacity of an activated-sludge 
plant. He mixed supernatant and digested sludge from the 
anaerobic sludge digester with activated sludge, and aerated 
the mixture in a separate sludge-treatment tank prior to com­
bining it in the proper proportion with the return activated 
sludge. This produces sludge with good settling qualities, 
thereby eliminating sludge bulking. Kraus (1955) also used a 
dual-aeration system to control sludge bulking and allow a 
high degree of purification while maintaining BOD loadings of 
66 to 100 pounds BOD per day per 1000 cubic feet. Air was 
diffused at the bottom of the aeration unit and at a shallow 
depth to create maximum turbulence. 
Biosorption system The biosorption system reported by 
Ulrich and Smith (1951, 1957) requires less aeration tank 
capacity than the conventional system. The unsettled raw 
sewage and return activated sludge are subjected to a brief 
period of intense aeration in a mixing tank prior to being 
discharged into the sedimentation unit. The return activated 
sludge from the sedimentation unit is aerated for a longer 
period in the sludge-activation tank before its return to the 
mixing tank. If the raw sewage has considerable organic 
solids, it may be settled prior to being treated by this 
process. The process has then often been called contact 
stabilization. 
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High-rate activated sludge The step-aeration, Kraus, 
and biosorption processes demonstrated the potential for 
increasing BOD loadings beyond the old standards. Wuhrmann 
(1954) found that an 80-percent BOD reduction could be obtained 
with a BOD loading of 190 pounds per day per 1000 cubic feet 
and a hydraulic load of 164 gallons per day per cubic foot 
(detention time of about 1 hour). However, a sufficient mixed 
liquor solids concentration must be provided (Wuhrmann had 
3000-3500 milligrams per liter). Pasveer (1954) concluded 
that the purification capacity is primarily a function of the 
oxygenation capacity. He was able to obtain a BOD reduction 
of 93 percent with a BOD loading of 260 pounds per day per 
1000 cubic feet by increasing the oxygenation capacity and 
turbulence in the aeration unit. 
Complete mixing McKinney et al. (1958) and McKinney 
(1960, 1962a, 1962b) reported on the complete-mixing system, 
whereby the influent waste is instantaneously mixed (ideally) 
throughout the aeration unit to provide a uniform organic 
concentration on the entire mass of microorganisms in the 
aeration unit. The uniform organic load in the aeration unit 
results in uniformity of oxygen demand and biological growth. 
The aeration unit thus operates as a surge tank to moderate 
variations in the organic strength of the raw waste. Accord­
ing to McKinney (1962a), a complete-mixing, activated-sludge 
plant will treat the same waste as the conventional 
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activated-sludge system in less aeration-unit volume and with 
less air. 
Extended aeration In the last fifteen years, a modifi­
cation of the activated-sludge process termed extended aeration 
has made rapid gains in use. The large amount of waste sludge 
that must be disposed of and the required careful operation 
are limitations of most activated-sludge systems that often 
preclude their use for small installations. In contrast to 
the usual systems, the extended-aeration process is usually 
not operated with controlled sludge wasting, and primary settl­
ing of the waste is not practiced. Uncontrolled sludge wasting 
results in the discharge of the net sludge growth in the 
process effluent. Hoover et al. (1951) and Thayer (1951) 
appear to be the first reporters of this process, which was 
then considered to involve total oxidation. Thayer success­
fully used the extended-aeration system with a 36-hour 
detention time to treat dairy wastes. Tapleshay (1958) 
reported on the use and design of extended-aeration plants. 
Forges et al. (1961) conducted a survey of small extended-
aeration plants and noted that most states require a 24-hour 
aeration period, in contrast to 4-8 hours for the conventional 
system. The BOD loading in an extended-aeration system is 
about 20 pounds per day per 1000 cubic feet, whereas in the 
conventional system it is usually 35. The BOD-reduction effi­
ciencies reported varied from 33 to 99 percent, with an 
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average of 87 percent. 
Summary 
Some common design standards and BOD-reduction efficien­
cies for activated-sludge systems are presented in Table 1. 
Table 1. Activated-sludge process performance with domestic 
waste 
BOD load 
(pounds/day/ Efficiency 
System 1000 cubic feet&) (percent) 
Conventional 35 95+ 
Tapered aeration 35 95+ 
Step aeration 50+ 90 -95 
Modified aeration 100 60 -75 
Kraus system 100 85 -90 
Biosorption system 70 85 -90 
High rate 100 60 -75 
Extended, aeration 20 75 -85 
Oxidation ditch 11 95+ 
^Of aeration-unit volume. 
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RECENT RESEARCH 
Several researchers have been concerned with the quantita­
tive relationships of metabolism in activated-sludge systems. 
They have attempted to aid design engineers by setting up 
mathematical relationships for the process (McCabe and 
Eckenfelder, 1961; Eckenfelder and O'Connor, 1961; McCabe, 
1963; Eckenfelder, 1963; Grieves et a^., 1964; Keshavan et al., 
1964; Schulze, 1964, 1965; Middlebrooks, 1966). There is 
considerable variance in the mathematical developments of 
these researchers. Some of the variance lies in the basic 
biological assumptions and simplifications upon which a 
specific mathematical analysis is founded. The complexity of 
the mathematical relationships has generally, however, pre­
vented their use by design engineers. 
Eckenfelder and O'Connor (1961, p. 27) gave the following 
expression for the efficiency of BOD reduction in a completely-
mixed, continuous-flow aeration tank^: 
Kst(lOO) 
n — []— 
1 + Kst 
where 
n = BOD-reduction efficiency 
K = rate constant 
^Author's symbols have been changed where necessary to be 
consistent throughout the thesis. 
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s = average sludge concentration in aeration 
unit 
t = mean detention time 
Middlebrooks (1966, p. 49) developed an equation for the 
effluent BOD of a completely-mixed, extended-aeration system. 
Expressed in terms of efficiency, his equation is 
Ki 
= ^ -
1 + 
k^St 
^i 
St(kg - k^) 
- 1 
^100 
where 
Kl = 
^i = 
S = 
specific organism decay rate 
maximum growth rate 
BOD at one-half maximum growth rate 
influent-waste BOD 
mixed liquor volatile suspended solids 
concentration 
effluent volatile suspended solids 
concentration 
Scheltinga (1966) experimented in Holland with an oxida­
tion ditch for treating the waste of 160 hogs. He obtained 
BOD reductions greater than 99 percent with a BOD loading of 
28 pounds per day per 1000 cubic feet. The influent waste was 
undiluted with drinking or flushing water and had a high BOD 
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concentration of 30,000 milligrams per liter. It was there­
fore necessary to use a long detention time of about 60 days. 
Scheltinga reported that in order to have a reasonable BOD 
loading (for example, at least 10-20 pounds per day per 1000 
cubic feet) the mixed liquor suspended solids had to be at 
least 4000 milligrams per liter. This also provided protec­
tion against heavy shock loadings. 
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EXTENDED-AERATION THEORY 
General 
Extended-aeration, activated-sludge plants fulfill a need 
for treatment with moderate efficiency of small-volume organic 
wastes. These plants use a long period of aeration to aero-
bically digest the majority of the biological sludge produced. 
Thus, it is not often necessary to dispose of waste activated 
sludge. They characteristically remove 75 to 85 percent of 
the biochemical oxygen demand of a normal domestic waste 
(Stewart, 1964) . 
The system considered herein is completely mixed. There 
is no controlled sludge wasting, but rather, the net sludge 
accumulation is discharged in the plant effluent. 
Assumptions 
The following assumptions are made before development of 
the mathematical model: 
1. The biochemical oxygen demand represents the sub­
strate concentration in terms of oxygen equivalents. 
In this work the terms BOD, food, and substrate are 
used synonymously. 
2. The mixed liquor volatile suspended solids concen­
tration (MLVSS) represents the total number of 
bacteria present. The MLVSS is used as the measure 
of the total biological suspended solids. 
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3. Completely-mixed system: Mixing results in instan­
taneous and uniform distribution throughout the 
aeration unit (homogenous mixed liquor). 
4. The oxygen concentration is not a limiting factor 
because the system is always supplied with an excess 
of dissolved oxygen. The flow of air through the 
diffuser in the aeration unit was adjusted to main­
tain the concentration of dissolved oxygen in the 
mixed liquor at or above 2 milligrams per liter. 
5. The temperature of the system remains constant at 
20*C. 
6. The pH of the mixed liquor remains in the effective 
range for activated sludge of about 6-9, and prefer­
ably in the optimum range of pH 7.0-7.5 (Keefer and 
Meisel, 1951) . 
7. The influent swine waste has all the essential 
factors for biological growth, and no inhibitors. 
In support of the assumption concerning oxygen, Okun and 
Lynn (1956) found, 
...oxygen concentration of itself has little 
influence on the activity of the micro­
organisms responsible for biological sewage 
treatment. 
In the range 5-25 milligrams per liter, they found no meas­
urable effect of dissolved oxygen concentration on the oxygen 
utilization rate. Wuhrmann (1963) concluded that, at 
dissolved oxygen concentrations of 1.5-2.5 milligrams per 
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liter in the mixed liquor, floe diameters of 400-500 microns 
can be supplied with oxygen. A dissolved oxygen concentration 
of 1-5 milligrams per liter is recommended in Operation of 
Sewage Treatment Plants (1961). A dissolved oxygen concentra­
tion of at least 2 milligrams per liter is recommended by 
von der Emde (1963). 
Biological activity is a function of temperature. 
Heukelekian et al. (1951) suggest that the rate of biological 
growth is affected by temperature by being multiplied by a 
constant raised to a power which is proportional to tempera­
ture. Phelps gives an equation for the BOD reaction-rate 
constant as a function of a constant raised to the first power 
of the temperature difference. The effect of temperature was 
therefore eliminated by operating at a constant temperature. 
Nomenclature 
Variables used in the mathematical development are 
defined where they first appear and are collected in Table 2 
for convenience. (See pages 26 and 27.) 
Development of Mathematical Model 
The biological removal and conversion of organic wastes 
in an activated-sludge plant can be thought to take place in 
two stages occurring simultaneously in the same tank. In the 
first stage, the organic waste is partially oxidized for 
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Table 2. Nomenclature 
Definition Dimension* 
a a constant, the fraction of B synthesized -
into new biological solids 
a, a constant, the fraction of B synthesized 
into new degradable biological solids 
a a constant, the fraction of B synthesized 
into new undegradable biological solids 
A accumulation of volatile biological MT"^ 
solids, rate 
b a constant, the fraction of m^ destroyed T~^ 
per unit time by endogenous respiration 
B BOD removed, rate MT"i 
BOD 5-day, 20®C biochemical oxygen demand ML"^ 
c a constant for converting degradable -
solids concentration to ultimate BOD 
effluent chemical oxygen demand ML"^ 
influent-waste chemical oxygen demand ML~^ 
n BOD-reduction efficiency 
f concentration of total suspended solids ML"^ 
lost 
f^ concentration of degradable solids lost ML"^ 
F total biological suspended solids lost, MT""1 
rate 
degradable solids lost, rate MT~i 
*L, denotes length; M, denotes mass; T, denotes time; 
-, denotes dimensionlèss. 
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Table 2. (continued) 
Definition Dimension 
F(t) 
k 
L 
r 
L(t) 
m 
"^d 
MLVSS 
t 
t 
V 
fraction of fluid remaining in the system 
after time t 
BOD reaction-rate constant T~^ 
ultimate BOD ML"^ 
effluent BOD jyiL"^ 
influent-waste BOD ML"^ 
BOD remaining at time t ML"^ 
BOD at time t ML"3 
total biological suspended solids in the M 
system 
degradable biological solids in the system M 
mixed liquor volatile suspended solids ML"^ 
concentration 
volumetric flow rate through the plant L^T"^ 
(steady state, influent flow = effluent 
flow) 
-3 mixed liquor volatile suspended solids ML 
concentration 
degradable solids concentration ML"3 
time T 
mean detention time (V/Q) T 
aeration-unit volume L^ 
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energy and partially synthesized into new bacterial cells. 
With continued aeration, the second stage consists of self-
oxidation of the cells for further energy (endogenous respira­
tion) . The extended-aeration, activated-sludge system, with 
its normally low organic loading, high concentration of 
biological solids, and extended period of aeration, allows 
efficient biological removal of the organic wastes in the 
first stage. Thus, about 98 percent of the organic matter 
added is removed and converted to either carbon dioxide and 
water, or biological solids (McCarty and Brodersen, 1962). 
In practice, however, the net BOD removal is usually less 
than 98 percent. This is not a function of the initial conver­
sion of waste into biological solids, but is because of the 
degradable biological solids that pass in the plant effluent. 
With extended aeration, the biological solids would ideally 
continue to undergo endogenous respiration to oxidize the 
degradable fraction of their cells to carbon dioxide and water, 
decreasing the sludge mass so that there would be no accumula­
tion of sludge in the system. Solids do, however, accumulate 
in the system, because a portion of the biological solids 
produced are relatively inert to biological oxidation. Con­
trolled sludge wasting is generally not practiced in extended-
aeration plants. The solids will therefore increase until 
they exceed the capacity of the system to settle and retain 
solids. This excess is then discharged in the plant effluent. 
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which increases the effluent BOD and decreases the BOD-removal 
efficiency. 
A flow diagram of the extended-aeration, activated-sludge 
system used in this work is given in Figure 1. 
The net production of biological solids (sludge) that 
results from synthesis and endogenous respiration is given by 
Heukelekian et a2. (1951) as 
A = aB - bm^ (1) 
where 
A = accumulation of volatile biological solids, 
rate (MT'^) 
a = a constant, the fraction of B synthesized 
into new biological solids (-) 
b =' a constant, the fraction of m^ destroyed per 
unit time by endogenous respiration (T"i) 
B = BOD removed^, rate (MT~^) 
= degradable biological solids in the system (M) 
The constant a is made up of two parts; 
1. a^ represents the synthesis of degradable biological 
solids 
2. represents the synthesis of undegradable 
biological solids 
^In the experimental analysis, B will be the influent-
waste BOD, rather than the BOD removed. 
SEDIMENTATION \ EFFLUENT 
UNIT ) 
AERATION 
UNIT 
INFLUENT WASTE 
RETURN ACTIVATED SLUDGE 
Figure 1, Flow diagram of extended-aeration, activated-sludge plant 
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It is noted that this analysis does not include those 
suspended solids present in the plant influent that are 
biologically undegradable. These solids might be considered 
to be inorganic particles or biologically resistant organic 
material such as lignin or cellulose. The total solids accumu­
lation in an extended-aeration, activated-sludge plant will, 
however, consist of both the influent biologically undegradable 
solids and the net production of biological solids in the 
plant. 
The value of b has usually been based on the MLVSS, 
because the degradable biological population is more difficult 
to determine. For a steady-state system, however, that part 
of the MLVSS which is degradable solids can be determined 
indirectly. Given a system in which a constant fraction (F/m) 
of the mixed liquor solids is lost in the effluent per unit 
time. Tench (1962) showed that the proportion of degradable 
solids is equal to this same fraction: 
where 
F = total biological suspended solids lost, 
rate (MT~^) 
F^ = degradable solids lost, rate (MT"^) 
m = total biological suspended solids in the 
system (M) 
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For the steady state, the degradable biological solids 
in the effluent must equal those synthesized, so that by using 
a^ in Equation 1, 
^d = ^d® - ^"»d (3) 
Combining Equations 2 and 3 to eliminate F^, solving for 
m^ and substituting in Equation 1, and dividing by B gives the 
accumulation of biological sludge in terms of volatile 
biological solids produced per unit of influent BOD, 
~B~ ^ 1 + F/bm 
As noted previously, both degradable and undegradable 
biological solids are produced. The effluent from an extended-
aeration plant will consequently contain both inert and 
degradable biological solids. Expressed as a fraction of the 
solids accumulation A, the accumulation of inert biological 
solids is represented by the portion a^ of the influent BOD, 
a^B/A. The remainder of the solids accumulation is the 
degradable portion of the solids, 
degradable solids fraction = 1 - a^B/A (5) 
The degradable solids lost from the system can be ascer­
tained by multiplying the total suspended solids lost F by the 
degradable solids fraction from Equation 5, 
Fd = (1 - a^B/A)F (6) 
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The biological solids in an extended-aeration system will 
increase until^ at equilibrium, the loss of solids in the 
effluent is equal to the solids production in the aeration 
unit (that is, steady state). Therefore, by equating A to F, 
Equation 4 becomes 
^ a, 
B a - 1 + F/bm (7) 
and Equation 6 becomes 
Fd = F ( 8 )  
Now, 
where 
Similarly, 
F = fQ 
f = concentration of total biological suspended 
solids lost (ML~3) 
Q = volumetric flow rate (steady state, influent 
flow = effluent flow) through the plant 
(L^T-i) 
• a  =  V  
B = 
m = SV 
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where 
= concentration of degradable solids lost 
(ML~3) 
= influent-waste BOD (ML"3) 
S = MLVSS concentration (ML~^) 
V = aeration-unit volume (L^) 
Substituting these relationships in Equation 7 gives 
~L^ ^ 1 + fQ/bSV 
and substituting them in Equation 8 and dividing the equation 
by Q, there results 
fd = f - ^u^i (10) 
Consider now a container of volume V that has its con­
tents perfectly mixed, with a flow Q through it. Let the 
container initially be filled with a fluid having a charac­
teristic C^. After time t, the fluid in the container and the 
outflow fluid have characteristic C. 
Then at t = 0, change the characteristic of the inflow 
fluid to zero. 
The rate of depletion of the characteristic in the con­
tainer through the outflow is 
dC _ QC 
dt V 
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Separating variables and setting the limits of integration. 
ÉÇ = _ Q 
c V dt 
Integrating and evaluating limits. 
_C_ = e-Qt/V 
The fraction of fluid in the container that remains after time 
t is C/C . 
o 
Letting F(t) = C/C^, 
F(t) = e -Qt/V (11) 
where 
F(t) = the fraction of fluid remaining in the 
system after time t (-) 
The mean detention time (hereafter referred to simply as 
detention time) can be evaluated by taking the expected value 
of F(t) as follows: 
t = E[F(t) ] 
,-Ot/Vdt 
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0 
00 
e-Qt/Vat 
0 
V/Q (12) 
Equation 11 is the same as the cumulative probability of 
a larger value for the exponential probability distribution 
function with mean V/Q and variance (V/Q)^. Equation 12 can 
also be derived on a probability basis by considering sampling 
of balls from an urn, a ball representing a differential 
volume withdrawn in a differential time. 
Replacing V/Q in Equation 9 by t gives 
The degradable solids fraction is the only part of the 
solids that will exert a BOD. The theoretical oxygen require 
ment for complete oxidation of degradable biological solids 
can be considered a constant fraction c of the degradable 
solids (Eckenfelder and Weston, 1956). Therefore, 
f a - (13) 
1 + f/bSt 
L 
a 
cS d (14) 
where 
= ultimate BOD (ML"" 3) 
= degradable solids concentration (ML""^) 
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It has been established from studies of the kinetics of 
BOD reactions that, whereas they resemble unimolecular 
reactions mathematically, they actually follow first-order 
kinetics. In a unimolecular reaction, the molecules do not 
react with each other, but act individually. Most first-order 
reactions are bimolecular in nature, but react as if only one 
substance were undergoing change. The decomposition of 
organic matter by bacteria is such a reaction. 
O2 
organic matter + bacteria K:02 + HgO 
After the organism population has stabilized, the reaction 
rate is controlled by the quantity of food available. If the 
substrate concentration is represented by the BOD, the 
differential equation for the reaction rate may be expressed 
as the unimolecular reaction 
dL 
= - kL (15) dt r 
where 
= BOD remaining (ML"3) 
k = BOD reaction-rate constant (T"^) 
A definitive illustration of the BOD reaction is pre­
sented in Figure 2. 
Separating variables in Equation 15, and setting the 
i n t e g r a t i o n  l i m i t s  w i t h  L ^  =  L ^  a t  t  = 0 ,  
U t )  
L r  -
Figure 2. 
BOD USED 
BOD REMAINING, dt = - kLr 
w 
00 
TIME 
The BOD curve 
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dL. 
= - k dt 
Integrating and evaluating the limits, 
-
In^f = -kt 
and 
-kt 
The oxygen used in t days is 
L(t) = - Lj. 
so that by substitution for L 
L(t) = L^d - e'kt) (16) 
where 
L(t) = BOD at time t, (ML"3) 
Substituting for from Equation 14 and solving for the 
5-day BOD gives 
L(5) = cS^d - e"5k) 
Replacing with the effluent degradable solids concentration 
from Equation 10 gives the effluent 5-day BOD, 
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Le = c'(f-a^L.) (17) 
where 
c' = c(l - e 
Solving Equation 13 for f (taking the positive root), 
f = |aL^ - bSt + |^(bSt - aL^^.) ^  + 4a^bStLj^|j (18) 
The fraction of BOD remaining in the plant effluent is 
obtained by dividing Equation 17 by and substituting for f 
from Equation 18: 
- -Jet + a: 
1 
T I 
(19) 
The BOD-reduction efficiency n is expressed in percent by 
L 
n = (l - f^)lOO (20)  
Substituting L^/L^ from Equation 19 and combining constants. 
St 
n = {ci + C2^ - + C3 |^+ C.  H >100 (21) 
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where 
Cl = 1 - c'(a/2 - a^) 
C2 = hc*/2, (T"i) 
C3 = b(c')^(2a^ - a)/2, (T'l) 
ci^ = (ac'/2) 2 
Equation 21 is the desired mathematical model for the 
BOD-reduction efficiency of an extended-aeration, activated-
sludge plant. This equation does not hold at the origin 
(St/L^ = 0) and is indeterminate for = 0. 
The findings of Wuhrmann (1954) are of interest at this 
point. He found an empirical relation for effluent BOD as a 
function of influent BOD and hydraulic load (inverse detention 
time). The mixed liquor solids concentration was not signifi­
cant because of its small range. Temperature was only 
slightly significant, which he considered rather amazing. 
Comparison of Model with Domestic-Waste Data 
Values of the constants for domestic waste have been 
estimated experimentally as follows; 
a = 0.50 (Heukelekian et al., 1951) at 20®C 
a^ = 0.12 (McCarty and Brodersen, 1962) 
b = 0.055 per day (Heukelekian et a2., 1951) at 20°C 
c = 1.42 (Eckenfelder and Weston, 1956) 
k = 0.18 per day (McCarty and Brodersen, 1962) 
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so that 
c' = 0.843 
To conform with the units of the experimental analysis, 
the constants in Equation 21 were expressed with the following 
units : 
1. mass M = milligrams 
2. volume = liters 
3. time T = hours 
The resultant constants are: 
ci = 0.89 
C2 = 9.7 X 10"4 per hour 
C3 = -2.1 X 10"4 per hour 
cit = 0.04 
In accordance with the earlier comment that about 98 
percent of the organic matter added is removed and converted 
to either carbon dioxide and water, or to biological solids, 
it was considered in plotting the model that 2 percent of the 
influent BOD is not removed in the treatment plant. If no 
solids were discharged in the effluent, the maximum BOD-
reduction efficiency under this assumption would be 98 percent. 
The constants computed for the domestic-waste model are based 
on in terms of BOD removed. The data to be compared, 
however, are in terms of influent BOD, in accordance with the 
definition of in the model. Allowance for 2 percent of the 
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influent BOD passing through the plant unaltered was therefore 
made by reducing Ci by 0.02, so that the model for domestic 
waste is 
Morris (1963), Keshavan et a^. (1964), and Middlebrooks 
(1966) have presented data on detention time, MLVSS, influent 
BOD, and effluent BOD that can be compared with the developed 
mathematical model based on the constants determined for 
domestic waste. These data and the computed values of BOD-
reduction efficiency and St^/L^ are given in Table 3. 
The model for domestic waste (Equation 22) and the data 
of Table 3 are presented in Figure 3. Whereas the model 
generally predicts higher efficiencies than were observed. 
Equation 22 is very similar to the plotted data. With proper 
adjustment of its constants, the model should satisfactorily 
fit these data. 
Based on this comparison for domestic waste, it was con­
cluded that the model developed was worthy of further 
investigation to verify it experimentally and to fit it to 
experimental data for swine waste. 
n 
9.4 X 10-7(|i:)^ - 2.1 X lO"'^!^- + 0.04 
i 
2 
100 (22) 
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Table 3. BOD-reduction data for domestic waste 
Detention MLVSS Influent Effluent BOD-reduction =— 
time, E S BOD, Lj BOD, Lg efficiency, n i 
(hours) (mg/1) (mg/l) (mg/1) (percent) (hours) 
Middlebrooks, domestic waste 
8 4270 373 159.2 57.3 92 
12 1140 144 29.8 79.3 95 
12 3770 373 103.3 72.3 121 
24 1250 144 20.6 85.7 208 
8 2330 88 12.8 85,4 212 
12 3700 163 9.0 94.5 270 
12 2230 88 7.8 91.1 304 
24 1770 139 16.9 87.8 305 
Morris, domestic waste 
29 1880 310 33 89.4 176 
29 1940 310 33 89.4 182 
25. 6 5280 310 26 91.6 436 
45 4480 240 16 93.3 839 
69 3970 320 9 97.2 855 
Keshavan, synthetic waste 
1. 55 2728 810 410 49.4 5 
2. 78 1840 640 300 53.1 8 
loo­
se 
1 2 
+ 0.04 0.87 + 9.7 X 10^-^ 9.4 X 10 100 
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O MIDDLEBROOKS 
A MORRIS ET AL. 
• KESHAVAN 
600 800 400 200 
(MLVSS) (DETENTION TIME) /(INFLUENT BOD), ST/Lj, IN HOURS 
Figure 3. BOD-reduction efficiency for domestic waste 
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EQUIPMENT AND TECHNIQUE 
Equipment 
The components of an activated-sludge treatment plant are 
as follows: 
1. an aeration unit 
2. an aeration system 
3. a sedimentation unit 
4. a mechanism for returning settled activated 
sludge to the aeration unit 
The experimental model used comprised an aeration unit 
and a sedimentation unit made of Plexiglas, with two galvanized 
sheet metal sedimentation units as alternates. Three capaci­
ties were required in the sedimentation section to provide 
suitable detention times over the range of flow rates used. A 
flow diagram of the experimental plant is given in Figure 4, 
and photographs of the system are presented in Figures 5 and 6. 
Aeration unit 
The aeration unit had a volume of 111 liters (3.92 cubic 
feet), with inside dimensions 19 inches long, 18 inches wide, 
and 24 inches high (21 inches to centerline of a 1/2-inch 
diameter outflow nipple). The outflow nipple was large enough 
so that the mixed liquor volume did not vary significantly 
with varying flow rates. 
COMPRESSED 
AIR 
CONSTANT-HEAD TANK-
INFLUENT 
WASTE 
RESERVOIR 
SEDIMENTATION 
UNIT 
EFFLUENT 
» 
RETURN ACTIVATED SLUDGE 
FLOW­
METER 
PUMP 
PUMP 
AERATION 
UNIT 
Figure 4. Flow diagram of experimental plant 
Figure 5. Experimental plant, empty 
Figure 6. Experimental plant in operation 
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Sedimentation unit 
The sedimentation units were constructed with bottom 
slopes of 60° (Sewage Treatment Plant Design, 1959, p. 143) 
to facilitate collection of the activated sludge being 
returned to the aeration unit. The pertinent details of these 
units are summarized in Table 4. 
Table 4. Selected details of sedimentation units 
Volume Surface area 
Unit Material (gallons) (square feet) 
I 3/8-inch Plexiglas 3.62 1.17 
II galvanized sheet metal 7.93 1.23 
III galvanized sheet metal 28.75 2.18 
The units gave detention times of 3-6 hours, based on total 
flow (flow rate of influent plus return sludge flow). 
Aeration system 
The purposes of aeration in the activated-sludge process 
are: 
1. to supply the oxygen required by the biological 
processes 
2. to circulate and mix the contents of the aeration 
unit to hold the sludge in suspension 
51 
An estimate of the air requirement in the aeration unit 
was made from available design standards. According to Sewage 
Treatment Plant Design (1959, p. 135), at low BOD to solids 
ratios, endogenous respiration and nitrification increase 
air requirements to 120 0-1800 cubic feet of air per pound of 
5-day BOD removed. Small extended-aeration plants often are 
designed to provide 3000 cubic feet of air per pound of BOD. 
On the later basis, with a load of 60 pounds BOD per 1000 
cubic feet of aeration tank, the required air flow for the 
model was 0.5 cubic feet per minute. The air was diffused 
through thirty-two 1/16-inch diameter orifices located on 
1/2-inch centers in the bottom of a 3/8-inch diameter acrylic 
tube with closed ends. The diffuser was supplied with air 
through a tee placed at the midpoint of the tube. The 
diffuser was located in a transverse, horizontal position 
4 inches from the front and bottom of the aeration unit. 
Shove and Hukill (1963) gave the following equation for 
evaluating the pressure differential in a perforated air duct; 
where 
P = static pressure in the duct in inches of 
water 
P = static pressure at the dead end of the 
° duct in inches of water 
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V = velocity in feet per minute 
f = friction factor 
X = distance from the dead end of the duct in 
feet 
d = hydraulic diameter of the duct (four times 
the cross-sectional area divided by the 
wetted perimeter) in feet 
Based on this equation and an orifice equation, the distribu­
tion of flow through the orifices was determined to be 
essentially uniform. Thus, the air-diffusion system was 
considered satisfactory. Filtered air was supplied from a 
compressed air storage tank. Constant air pressure was main­
tained by a pressure regulator, and the flow rate was con­
trolled by a valve. 
Supply system 
The influent waste was stored in a 20-gallon plastic 
container, which was calibrated in 2-liter increments marked 
on a piezometer on the outside of the container. Only one 
such supply tank is shown in Figures 5 and 6, but three were 
used whenever the flow rate warranted such capacity. The 
calibrations were used to determine the flow rate of the 
influent waste (using a period of 12-15 hours). To maintain 
a fixed pump head, the influent waste was pumped from a 
constant-head tank. The liquid level was maintained in this 
small tank by feeding the waste from the supply tank through 
a magnetic valve that was activated by an electrical signal 
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from a sensing bar in the tank. 
Pumping system 
A dual-head, chemical-feed diaphragm pump with sharp-
seated check valves was used for pumping the influent waste 
and return activated sludge. The stroke of each pumping head 
could be varied individually and the speed of the pump drive 
shaft could be varied with a three-step drive pulley to give 
the desired flow rate. A rotameter (ball-type flowmeter) was 
used for setting the influent pump at the desired rate. The 
actual rate was determined, however, from the calibrated 
supply tanks as noted previously, because the pulsating flow 
of the diaphragm pump caused the ball in the flowmeter to 
oscillate so that the flow reading was only approximate. 
Controlled-temperature room 
Temperature was eliminated as a variable by operating in 
a controlled-temperature room. 
The room air temperature was adjusted to maintain the 
mixed liquor at 20®C. Because adiabatic wetting of the air as 
it diffused through the mixed liquor lowered the temperature 
of the mixed liquor, it was necessary to keep the air in the 
room at a higher temperature. A continuous recording of the 
air temperature indicated that it ranged from 20 to 21.5*C. 
It also provided a check for significant variations caused by 
equipment failure. The mixed liquor temperature was measured 
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several times daily with a mercury thermometer and determined 
to average 20°C with a variation of about ±^°C. 
Influent Waste 
Effluent from the anaerabic lagoon at the Iowa State 
University Swine Nutrition Farm was used as the influent waste. 
This lagoon receives waste from a total-confinement, hog-
finishing building which has a nominal capacity of 630 head. 
Pigs weighing 20-100 pounds are put into this building and 
raised to a market weight of 210-215 pounds. 
The hogs are fed on the upper end of the sloping pen 
floor. They generally urinate and defecate into a gutter at 
the lower end of the floor. The gutter is flushed continu­
ously with about 4 gallons per minute of water for 23 hours 
and about 10 gallons per minute for 1 hour each day^ This 
dilutes the manure about 20:1 with flushing water (Willrich, 
1966). 
The lagoon has a surface area of 0.65 acres and an 
original volume of 2.45 acre feet. The average depth in the 
inlet end is 8.80 feet and at the outlet end it is 3.05 feet. 
The initial detention time was 67 days, but after 30 months of 
operation about 19 percent of the original volume was filled 
with sludge so that the detention time was reduced to 54 days. 
According to Willrich (1966) , during a 30-month period of 
study the lagoon removed 75-80 percent of the total solids. 
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85-90 percent of the volatile solids and COD, 60-70 percent of 
the BOD, and 45-50 percent of the total nitrogen of the influ­
ent swine waste flushed from the hog-finishing unit. 
The effluent from this lagoon was chosen as the influent 
waste for the activated-sludge experimental unit because the 
BOD is relatively constant from day to day, and because the 
majority of the suspended solids have been settled. The raw 
waste flushed from the hog house has a considerable amount of 
large particles of undigested corn. These particles would 
interfere with the operation of the influent pump by becoming 
lodged under the check valves. In addition to this mechanical 
problem, the particles would not likely be very amenable to 
treatment and would cause erratic BOD measurements. 
The nutrient balance in the influent waste must be 
adequate for growth of the activated sludge. Measurable 
amounts of nitrogen, phosphorous, and sulfur are required by 
the organisms. The carriage"water can usually be relied upon 
to supply the required sulfur and trace minerals. Adequate 
amounts of nitrogen and phosphorous are thus required for the 
most rapid removal of the BOD. Consequently, the carbon to 
nitrogen and carbon to phosphorous ratios of the waste are 
especially important. These ratios are commonly expressed in 
terms of the BOD, rather than carbon. 
Sawyer (1956) recommended maximum ratios of BOD to 
nitrogen of 32 and BOD to phosphorous of 150. A 24-hour 
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composite sample collected in March 1966, had a ratio of BOD 
to nitrogen of 2 and a ratio of BOD to phosphorous of 19. 
Thus, the nutrient supply is more than adequate. 
The odor of the waste varied from septic to sweet septic. 
The pH varied from 7.0 to 7.3. A red-pigmented bacteria has 
persisted in the lagoon since August 1965. Lauritis isolated 
and identified the organism Chromatium and Sletten identified 
Rhodothece in the lagoon supernatant (Willrich, 1966). Both 
genera are photosynthetic red and purple sulfur bacteria found 
in water containing hydrogen sulfide or sulfur. These bac­
teria oxidize hydrogen sulfide and deposit it internally as 
elemental sulfur. This reduction in hydrogen sulfide quantity 
improves the odor quality of the waste. 
Operational Procedure 
Effluent from the swine lagoon was collected at the out­
flow conduit in a quantity sufficient to last about twelve 
hours at the prevailing flow rate of the experimental plant. 
This material was then placed in the supply tanks to serve as 
the influent waste to the plant. This procedure was followed 
every morning and night at approximately twelve-hour intervals 
to insure a fairly fresh plant influent of constant BOD 
(except as the BOD varied in the lagoon). Effluent from the 
plant was discharged to a floor drain. 
The plant was initially operated at a low concentration 
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of mixed liquor volatile suspended solids in the range of 
400-800 milligrams per liter, and with a detention time of 
about 35 hours, for a period of three weeks. The activated 
sludge that was produced did not settle very well. Conse­
quently, the solids concentration did not increase as rapidly 
as desired, despite a return sludge rate that exceeded the 
influent flow rate. Return sludge from the MarshalItown, Iowa, 
activated-sludge plant was therefore added to the aeration 
unit to bring the concentration up to about 4000 milligrams 
per liter. 
A change in the influent flow rate or the mixed liquor 
volatile solids concentration requires a period of time before 
the system reaches its new equilibrium. Equilibrium will not 
be attained until the contents of the tank have been completely 
changed to eliminate the products of the previous level of 
operation. The fraction of the original concentration of 
mixed liquor that has been removed from the aeration unit at 
any time after a change has been instituted can be determined 
from Equation 11 as the quantity 1 - F{t). The percentage 
removed at various times and detention times is given in 
Table 5. 
The percent removal of the mixed liquor calculated from 
Equation 11 was used as a guide in determining when the system 
had reached equilibrium after a change in one of the variables. 
Occasionally the activated sludge produced very fine 
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Table 5. Removal of the contents of a completely-mixed system 
Detention time Time Fraction removed 
(hours) (days) (percent) 
12 1 98.2 
2 99.8 
24 2 85.5 
3 95.0 
4 98.2 
36 3 85.5 
4 93.2 
5 95.8 
6 98.2 
48 4 85.5 
5 91.6 
6 95.0 
7 97.0 
8 98.2 
floes in the settling unit and did not settle well enough to 
produce a clear plant effluent. Therefore, the sedimentation 
unit used for a given influent flow rate was made as large as 
possible. A maximum overflow rate of 800 gallons per day per 
square foot of surface area is recommended in Sewage Treatment 
Plant Design (1959, p. 93) for activated-sludge, final-
sedimentation units. The maximum overflow rate encountered in 
this work was about 150 gallons per day per square foot, based 
on the mixed liquor flow rates. The recommended detention 
time is 2-2.5 hours. The minimum detention time in this work 
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was 3 hours, the maximum 6 hours. Longer detention times 
would have been desirable to improve sedimentation efficiency, 
but there is an upper limit to detention time. 
In order to avoid deterioration of the activated sludge 
in the sedimentation unit, it is necessary to return the 
sludge before the dissolved oxygen is depleted. Nitrifying 
bacteria are given ample opportunity to grow in extended-
aeration systems, allowing nitrification of the mixed liquor; 
that is, ammonia is oxidized to nitrate. If the detention 
time in the sedimentation unit is long enough to allow deple­
tion of the dissolved oxygen, the microorganisms resort to the 
oxygen in the nitrate. This denitrification, if it continues 
long enough, can produce enough nitrogen gas to lift the 
settled sludge to the surface. 
Denitrification did prove to be an occasional problem for 
some of the runs. Whenever the sludge blanket did float to 
the surface, it was broken up by stirring so that it would 
settle. This was done two or three times daily during such 
problem periods. 
Oxygen consumption was not considered in this study. It 
was only necessary that the aeration system be operated to 
keep the mixed liquor completely mixed and to maintain the 
dissolved oxygen at or above the desired minimum level of 2 
milligrams per liter. Both these requirements were easily met. 
The only problem was occasional plugging of the air diffusion 
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holes, but this required little attention. 
It is hypothesized in the mathematical model that the 
BOD-reduction efficiency is a function of only one parameter, 
defined as St/L^. It should therefore be unimportant whether 
this parameter is varied by changing values of S, t, or 
individually, or in any combination thereof. 
The experimental plant was, however, operated to test 
whether this is in fact true. The experiment was run in two 
stages with the plant operating continuously: 
1. varying the MLVSS while holding the detention time 
and influent BOD constant 
2. varying the detention time while holding the MLVSS 
and influent BOD constant 
It was not possible to run a third stage where the influent 
BOD was varied, because the influent BOD was fixed by the 
treatment in the anaerobic lagoon used as a source of the 
swine waste. Nor was the influent BOD held strictly constant, 
because the lagoon effluent varied somewhat. It did, however, 
vary slowly enough to be considered constant for any 
individual level of operation. 
Sampling Procedure 
Effluent and influent samples were collected at about the 
same time each morning, Monday through Friday. The plant was 
operated continuously, but no samples were taken on Saturday 
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and Sunday. The effluent sample was collected from the outlet 
of the sedimentation unit. The sample of influent waste was 
taken from the effluent collected from the swine lagoon which 
was used to fill the supply tanks. A sample of the mixed 
liquor was also collected each morning, Monday through Friday. 
This sample was withdrawn by a pipette from the center of the 
aeration unit while the unit was in operation. A representa­
tive sample was obtained in this fashion, because of the good 
mixing in the aeration unit. 
Analytical Techniques 
Variables measured in the conduct of the plant operation 
and their methods of determination are listed as follows. The 
first seven items were determined in general according to 
Standard Methods for the Examination of Water and Wastewater 
(1959) . 
1. Influent and effluent BOD in milligrams per liter 
(pp. 415-421). Four samples of each were tested. The 
dissolved oxygen concentrations were determined with the azide 
modification of the iodometric method (pp. 406-410). Treat­
ment of the waste in the model plant was carried into the 
nitrification stage. If a BOD test were made on the plant 
effluent, a substantial nitrogenous BOD would be added to the 
residual carbonaceous BOD that exists. Sawyer and Bradney 
(1946) found that flash pasteurization at 60®C with subsequent 
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rapid cooling to 20°C destroys the activity of the nitrifying 
organisms and thus eliminates the nitrogenous BOD. The plant 
effluent was pasteurized before the BOD test so that the 
residual carbonaceous BOD could be compared with the initial 
carbonaceous BOD for a proper evaluation of the BOD-reduction 
efficiency. 
2. Influent and effluent COD in milligrams per liter 
(pp. 510-514). Two samples of each were tested by the dichro-
mate reflux method with sulfamic acid and mercuric sulfate 
added to eliminate the interferences of nitrite and chloride, 
respectively. 
3. Influent and effluent suspended solids concentrations 
in milligrams per liter (pp. 424-425). One 25-milliliter 
sample of each was filtered. The method was modified by the 
use of a membrane filter (0.45-micron pore size) and a fritted-
glass holder. The necessary vacuum was provided by a pump. 
4. Mixed liquor volatile suspended solids in milligrams 
per liter (pp. 425, 540-541). Two 25-milliliter samples were 
filtered using the membrane-filter technique. 
5. Dissolved oxygen concentration of the mixed liquor in 
milligrams per liter (pp. 406-410, 413). Single sample deter­
minations were made with the azide modification of the 
iodometric method, after flocculation with copper sulfate and 
sulfamic acid. 
6. pH of the mixed liquor (pp. 226-228). One sample 
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determination was made with an electrometrical pH meter. 
7. Sludge volume index in milliliters per gram (pp. 541-
542). Single determinations were made. 
8. Influent and effluent nitrogen concentrations in 
milligrams per liter. Duplicate 10-milliliter samples of each 
were tested for ammonium-, nitrite-, and nitrate-nitrogen by 
the steam-distillation method of Bremner and Keeney (1965). 
In this method the forms of nitrogen are converted to and 
determined as ammonium. 
9. The temperature of the mixed liquor was measured 
three times daily with a mercury thermometer in degrees 
centigrade. In addition, the room air temperature was recorded 
continuously. 
10. Volume rate of flow of the influent waste in milli­
liters per minute. The flow rate of the influent waste was 
determined at least twice for each run using the calibrated 
supply tanks as discussed in the section on the supply system. 
BOD, effluent nitrate-nitrogen, and suspended solids 
analyses were made on Monday, Wednesday, and Friday. COD and 
mixed liquor volatile suspended solids determinations were 
made each day Monday through Friday. 
The dissolved oxygen in the mixed liquor was determined 
after changes in the influent flow rate, and occasionally 
during long runs, to ensure that a minimum of 2 milligrams per 
liter existed. The pH of the mixed liquor and its sludge 
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volume index were determined on an occasional basis. 
Except for the effluent nitrate-nitrogen, no schedule 
was followed for analyzing the forms of nitrogen considered. 
The pertinent equipment used in the foregoing analyses 
are shown in Figures 7-10. 
Figure 7. Chemical oxygen demand reflux apparatus 
Figure 8. Membrane filter apparatus and other equipment for 
suspended solids determinations 
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Figure 9. Steam distillation apparatus for ammonium-, 
nitrite-, and nitrate-nitrogen analyses 
Figure 10. Air temperature recorder in controlled-temperature 
room 
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RESULTS 
Preliminary Comments 
Assumptions 
In general, the assumptions made in the section on theory 
that could be controlled, or at least evaluated, were met 
quite well. Comments on how the assumptions were met are as 
follows : 
1. On the basis of visual observations, the system was 
well mixed. 
2. The dissolved oxygen concentration of the mixed 
liquor remained above the desired 2 milligrams per liter, 
except for occasional brief drops to 1 milligram per liter 
following a large increase in the influent flow rate. Thé 
highest concentration measured was 6 milligrams per liter. 
3. The temperature of the mixed liquor was essentially, 
constant at the planned 20®C, as mentioned previously. 
4. The pH of the mixed liquor remained in the acceptable 
range, with values of 6.8 to 7.7. 
5. The influent waste had sufficient nitrogen and 
phosphorous for a proper nutritional balance, as previously 
cited. 
Individual values of dissolved oxygen concentration, pH, 
and temperature are not tabulated herein. 
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Plant characteristics 
The model plant was affected in the same manner by the 
factors that affect the performance of a full-size plant. It 
was necessary, however, to increase the capacity of the sedi­
mentation unit beyond that required by plant design standards. 
High concentrations of solids being discharged in the 
effluent of field plants are caused by: 
1. large flow variations because of storm 
drainage 
2. non-flocculating or bulking sludge 
3. denitrification 
Plow variations caused no problem, because the model was 
operated at a constant flow for individual runs. 
After the plant was brought into full operation, there 
was no difficulty with non- or poorly-flocculating sludge in 
the sedimentation unit. There were, however, occasional 
problems with bulking sludge. The sludge volume index, an 
indicator of the settling quality of the activated sludge, 
varied from 60 to 300 milliliters per gram. A generally 
satisfactory range of values is considered to be about 100-200, 
with larger values indicating poorly settling sludge. 
Denitrification results in a blanket of sludge floating 
to the surface because of entrapped nitrogen gas. The three 
capacities of sedimentation units, however, provided suffi­
cient flexibility to allow detention times that were short 
enough to avoid denitrification. And with a constant influent 
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flow rate and air flow, the conditions influencing the denitri-
fication potential were also held constant. On the few times 
that the sludge blanket did float to the surface because of 
denitrification, it was broken up by stirring a few times 
daily so that it would settle. But even then the solids dis­
charge to the effluent from the floating sludge blanket was 
small, because the sludge blanket was held together tightly 
enough so that it would not pass through the outlet. 
The activated sludge produced was of good quality, dark 
brown, flocculent, and odorless. The mean fraction of the 
mixed liquor suspended solids that were volatile was 74 per­
cent, with a standard deviation of 7 percent. 
Foaming in the aeration unit is a common nuisance in 
activated-sludge plants. It was not a serious problem in this 
study, however. A slight amount of foam was produced only at 
the high rates of air flow. 
Splashing of the mixed liquor because of high air flow 
caused some deposition of solids on the sides of the aeration 
unit above the liquid surface. This deposition was washed 
down once or twice daily as necessary. 
Performance 
Because the 5-day BOD determination requires so much time 
and labor, the initial plan was to substitute the simpler COD 
test (2-3 hours). Not only would this save labor, but the 
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results would be known sooner. It was therefore intended that 
concurrent BOD and COD determinations be made until sufficient 
data were accumulated to establish a regression of BOD on COD. 
The BOD determinations would then be terminated, and the BOD 
would thereafter be predicted from the measured COD with the 
regression equation. 
It soon became apparent, however, that the regression of 
BOD on COD was not good enough to serve the purpose, and the 
BOD determinations were continued throughout the course of the 
experiment. The COD tests were continued as a quick rough 
indicator of the BOD and to see whether a useful regression 
could be established with more data. Influent and effluent 
BOD data are recorded in Table 6, Appendix A. The COD data 
are recorded in Table 7, Appendix A. 
Servizi and Bogan (1964) gave the following theoretical 
relationship based on a thermodynamic analysis: 
BOD = (l - k'CODjCOD (24) 
where 
k' = a constant dependent upon the waste 
This non-linear function did not fit the data any better 
than a linear function; that is, there was no significant 
reduction in the standard error. For this reason and for 
simplicity, a linear regression model was used. 
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The regression equation of influent BOD on COD is 
= 0.460 (25) 
with a squared correlation coefficient r^ of 0.45 and a stand­
ard error SE of 51 milligrams per liter. 
The regression equation of effluent BOD on COD C^ is 
L g  = 0 . 3 3 3  C ^  ( 2 6 )  
with an r^ of 0.47 and a SE of 18 milligrams per liter. The 
smaller regression coefficient in Equation 26 indicates that 
the effluent solids are less biodegradable than the influent 
solids. 
As evidenced by the low r^ and high SE, these regressions 
are not very satisfactory. The data and Equations 25 and 26 
are plotted in Figures 12 and 13, Appendix B. 
The red-purple sulfur bacteria in the influent waste 
caused it to be quite pink. The color persisted through the 
plant, and the effluent was about as pink as the influent. 
The sulfur bacteria were removed by membrane filtration, 
leaving a light amber true color. Most of the pink color 
disappeared with a long detention time (54 hours). The 
effluent then was light amber. 
This is in contrast to the usual activated-sludge efflu­
ent, which is a sparkling clear liquid. Because of solids 
loss in the effluent, an extended-aeration system will not 
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yield as clear an effluent as a conventional activated-sludge 
plant. And this experimental system treating effluent from an 
anaerobic lagoon did not produce an effluent with as good 
color quality as is common with domestic sewage. 
Suspended solids in the plant effluent increase its BOD 
and increase the turbidity and potential for sludge-bank 
development in receiving waters. 
The mean influent and effluent suspended solids concen­
trations were 435 and 138 milligrams per liter, with standard 
deviations of 139 and 52 milligrams per liter. The mean 
reduction of suspended solids was 68 percent with a standard 
deviation of 12 percent. The effluent solids were quite high 
because of the high influent solids. There were occasional 
high solids discharges, the highest being 830 milligrams per 
liter. The values for these brief periods are not considered 
important enough to be tabulated herein. Suspended solids 
concentrations are recorded in Table 7, Appendix A. 
Nitrogen in a plant effluent is important primarily 
because of its effects in receiving waters. Nitrate-nitrogen 
serves as a nutrient for algae and other aquatic plants. High 
nitrogen concentrations can cause excessive and undesirable 
growth in a stream. Nitrate in groundwater or surface water 
is dangerous in that it can cause methemoglobinemia in human 
infants. The same problem is present with livestock. Nitrate 
is reduced to nitrite within the body, and it is the nitrite 
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that reacts to cause methemoglobinemia. Death results if 
sufficient methemoglobin is produced. The nitrite concentra­
tion is thus also important; as is ammonium, because it will 
be oxidized to nitrite and then nitrate. 
The influent waste had a high nitrogen content present 
almost totally as ammonium: mean airanonium concentration of 
208 milligrams per liter and standard deviation of 18 milli­
grams per liter. Consequently, the effluent nitrogen was high. 
Nitrification was quite complete, the effluent being generally 
greater than 50 percent nitrate. The mean effluent nitrate 
concentration was 105 milligrams per liter with a standard 
deviation of 36 milligrams per liter. Very little nitrogen 
(ammonium + nitrite + nitrate) was lost in passing through the 
plant, the greatest loss being 3 percent. Nitrogen can be 
lost in a plant by denitrification in the sedimentation unit, 
or it may be contained in the effluent solids. The amount 
held in the effluent solids is reported to be small (Wuhrmann, 
1954). And the plant was operated to avoid denitrification. 
Nitrogen data are given in Table 8, Appendix A. 
Effluent nitrate- and nitrite-nitrogen could be reduced 
if a plant could be operated to allow denitrification without 
causing excessive solids loss. 
The influent waste maintained a fairly constant BOD, 
slowly increasing with time throughout the experiment. For 
any single run, however, it was essentially constant. The 
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mean influent BOD was 313 milligrams per liter, with a stand­
ard deviation of 68 milligrams per liter. 
The effluent BOD is the single most important indicator 
of the efficacy of waste treatment. The effluent BOD varied 
from 30 to 139 milligrams per liter. The influent BOD, efflu­
ent BOD, and BOD-reduction efficiency are recorded in Table 6, 
Appendix A. The BOD-reduction efficiency is considered in the 
analysis of results. 
Analysis 
The mathematical model expresses the BOD-reduction effi­
ciency as a function of the term St/L^. The values of St/L^ 
and efficiency were therefore plotted for a visual analysis 
(Figure 11). The data exhibit the usual scatter expected of 
an experiment of this nature, but in general follow a smooth 
curve conforming to the model. Observation 18 plots consid­
erably higher than the trend of the data indicates it should, 
in a region where the data trends sharply downward toward the 
origin. There is no apparent reason for this, however. It 
was therefore assumed that there was some error in determining 
observation 18, and it was excluded from the analysis. 
The hypothesis to be tested now is whether the following 
two groups of data can be pooled and represented by one 
regression equation: 
1. The data obtained by holding the MLVSS constant 
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Figure 11. BOD-reduction efficiency for swine waste 
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and varying the detention time. Six miscellaneous 
points (varying MLVSS and t) were added to this 
group to fill in the region near the origin (17 
observations total). 
2. The data obtained by holding the detention time 
constant and varying the MLVSS (16 observations, 
without observation 18). 
Because the model is non-linear, it was necessary to make 
a trial and error least-squares solution. Hartley's (1961) 
modification of the Gauss-Newton method was used for fitting 
the non-linear regression function to the data. This method 
is purported to insure convergence. With this method, new 
trial estimates of the parameters are obtained by assuming 
that the residual sum of squares is a parabolic function. The 
parameters are then estimated at the minimum of the parabola. 
Repeated trials are made until the residual sum of squares is 
minimized. 
Starting values of the parameters to be estimated were 
determined by rewriting Equation 21 in linear form, assuming 
several values of the parameters in the radical, and fitting 
the remaining two parameters with a simple linear regression 
analysis. 
n = di + d2X (24) 
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where 
X = Z - (Z2 + dgZ + di^)^ 
Z = St/L^ 
Eight estimates of dg and di+ were used. The parameters that 
gave the least residual sum of squares were taken as starting 
values in the non-linear regression analysis: 
di = 0.50 
II CM 0.0035 
II m
 -150 
dif = 10000 
A computer program written by Atkinson (1966) was used in 
fitting the non-linear regression function to the data by the 
previously cited least-squares method. With this program it 
was only necessary to write a subroutine to evaluate the 
required partial derivatives and the residual. The parameter 
estimates were considered satisfactory when a new value 
differed from the old value by less than 1/10000 of their 
difference. 
It required about 800 iterations fora solution to each 
of the three regression equations. Estimates of the para­
meters are as follows: 
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Group 1 Group 2 Pooled data 
di 
dz 
ds 
àk 
0.613 
0.00375 
-149 
7980 
0.645 
0.00288 
-156 
8100 
0.612 
0.00341 
-155 
8000 
A sample of the computer output from the regression pro­
gram is given in Appendix B, Figures 14-16. 
In order to be legitimately pooled, the two groups must 
have homogeneous error variances. An F test indicated that 
the null hypothesis of equal variance could not be rejected at 
the 0.05 level (F = 1.31 < Fq.os = 2.66), and the variances 
were considered homogeneous. 
The following analysis tests whether the data can be 
represented by one regression equation; that is, whether there 
is a significant reduction in the residual mean square of the 
pooled data by fitting regression equations to the two data 
groups individually. 
Group 1 
Group 2 
Sum 
Residual sum of squares Degrees of freedom 
0.011346 
0.007972 
0.019318 
13 
25 
Pooled data 
Sum 
Reduction 
0.019556 
0.019318 
0.000238 
29 
25 
F = 0.000238/4 = n ofi 
0.019318/25 0.05 = 2.76 
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Because there is no significant reduction in the residual 
mean square by grouping the data, it is concluded that the 
data can be pooled and represented by one equation: 
The multiple is 0.92 and the standard error is 2.6 
percent. Equation 25 is presented graphically together with 
the data in Figure 11. 
Inasmuch as there is no scale effect in a biological 
system such as was used herein, the fitted mathematical model 
can be used to design the aeration unit of a full-scale treat­
ment facility. Because there would be a scale effect in the 
sedimentation unit, it must be designed on an individual basis 
with published design standards as guidelines. 
Assume a swine finishing operation for 1000 head, with 
the waste settled and partially treated in an anaerobic lagoon, 
and the following conditions: 
1. influent BOD of 350 milligrams per liter 
2. continuous flow of waste at 6 gallons per minute 
3. desired MLVSS concentration of 3500 milligrams per 
n 0.612 + 0.00341 + 8000 
(25) 
Application 
liter 
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4. desired BOD-reduction of 85 percent 
Solution 
1. From Equation 25, with n = 85, the required value of 
St/L^ is 200. 
2. The required detention time is then 
t = (200)(350)/3500 
=20 hours 
3. Finally, the required volume of the aeration unit is 
V = (20)(6)(60) 
= 7200 gallons (963 cubic feet) per 1000 
hogs 
4. The airflow to meet oxygen and mixing requirements 
can then be determined from published design 
standards. 
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SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS 
Summary 
A mathematical model has been developed for predicting 
the BOD-reduction efficiency of an extended-aeration, 
activated-sludge system. The model is non-homogeneous, 
because the term St/L^^ has dimensions of time. The model 
differs from that of Eckenfelder and O'Connor (see page 20) 
in that it includes the influent BOD, as well as the MLVSS and 
detention time. Whereas a model based on the results of 
Middlebrooks (see page 21) contains these three variables, it 
requires the effluent volatile suspended solids concentration, 
which precludes its use for plant design. 
Experimental data were obtained for the treatment of the 
effluent from an anaerobic swine lagoon. The waste was 
treated in a continuous-flow, laboratory-scale plant that 
operated in the same manner as a full-scale plant. The system 
was operated at a mean temperature of 20®C i ^ *C. The con­
tents of the aeration unit were well mixed and supplied with 
sufficient air so that the oxygen concentration did not limit 
biological growth. In general, the pH of the mixed liquor 
remained in the optimum range for biological growth, and the 
influent waste had adequate nitrogen and phosphorous for a 
proper nutritional balance. 
The operation and performance.of. the model were generally 
satisfactory; The activated sludge was flocculent, odorless. 
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and settled well. Foaming and denitrification were not a 
problem. There was a high degree of nitrification, and the 
reductions of BOD and suspended solids were satisfactory. The 
effluent was not clear and colorless, however, because the 
sulfur bacteria persisted, causing a pink effluent with about 
as much color as the influent waste. Sludge bulking in the 
sedimentation unit did occasionally cause excessive discharge 
of suspended solids. 
The mathematical model was successfully fitted to the 
data by a non-linear, least-squares method that used a trial 
and error solution based on Hartley's modification of the 
Gauss-Newton method. 
Conclusions 
The following conclusions result from this research. 
1. Effluent from an anaerobic lagoon is sufficiently 
constant to be a practical influent substrate for model 
studies. 
2. Excessive solids losses because of denitrification 
can be avoided by proper design of the sedimentation unit, 
provided the flow rate does not vary widely. 
3. The mathematical model. Equation 21, satisfactorily 
predicts the BOD-reduction efficiency of an extended-aeration, 
activated-sludge plant, as evidenced by the reasonably high 
multiple r^ (0.92) and the low standard error (2.6 percent) of 
84 
the experimental regression equation. Equation 25. 
4. The aeration unit of an extended-aeration, activated-
sludge plant for the treatment of the effluent from an 
anaerobic swine lagoon can be designed according to Equation 
25. It is not known, however, whether the experimentally 
determined constants would be applicable to raw, or settled, 
swine waste. And the designer must be aware of the effect of 
temperatures that vary significantly from the 20*C used herein. 
Recommendations 
Inasmuch as it is not always feasible or desirable to 
provide initial treatment of the swine waste in a lagoon, 
further research should be conducted with the raw waste 
(settled and unsettled). 
Unless a non-clogging feed mechanism can be devised, 
laboratory models would require settled waste. And settling 
of the solids may be desirable in a field installation, because 
undigested feed particles (corn) are quite impervious to rapid 
biological action. 
In addition to laboratory studies, research with full-
scale plants should be conducted, using both raw swine waste 
and lagoon effluent, to verify the model studies and acquire 
further knowledge about plant operating characteristics. 
Studies could, and perhaps should, be made of both the usual 
diffused-air type plant and the oxidation ditch. These 
studies should include economic feasibility. 
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APPENDIX A: TABLES 
Table 6. Experimental BOD-reduction data for swine waste 
Flow Detention Influent Effluent BOD-reduction 
rate time BOD BOD MLVSS 
St/Li 
efficiency 
Q t Li Le S n 
No. (ml/min) (hours) (mg/1) (mg/1) (mg/1) (hours) (percent) 
1 294.8 6.28 346 139 2594 47.0 59.8 
2 140.6 13.16 232 97 962 54.6 58.2 
3 81.3 22.76 260 89 732 64.1 65.8 
4 53.3 34.71 212 60 454 74.3 71.7 
5 34.3 53.94 376 73 758 108.7 80.6 
6 34.3 53.94 267 35 990 200.0 86.9 
7 110.3 16.77 430 98 3381 131.9 77.2 
8 126.9 14.58 319 44 3582 163.7 86.2 
9 63.3 29.23 405 58 3330 240.3 85.7 
10 79.7 23.21 292 55 3319 263.8 81.2 
11 52.0 35.58 423 49 3326 279.7 88.4 
12 103.9 17.81 184 30 3335 322.7 83.7 
13 51.1 36.20 375 48 3688 356.0 87.2 
14 39.5 46.84 403 45 3280 381.2 88.8 
15 34.3 53.94 404 55 3144 419.7 86.4 
16 32.7 56.57 375 51 3054 460.7 86.4 
17 34.3 53.94 318 31 2926 496.3 90.3 
18 124.3 14.88 218 73 388 26.5 66.5 
19 124.3 14.88 249 89 862 51.5 64.3 
20 124.3 14.88 304 101 1276 62.5 66.8 
Table 6. (continued) 
Flow Detention Influent Effluent BOD-reduction 
rate time BOD BOD MLVSS 
St/Li 
efficiency 
Q t Li Le S n 
No. (ml/min) (hours) (mg/l) (mg/l) (mg/l) (hours) (percent) 
21 124.3 14.88 223 47 1396 93.2 78.9 
22 124.3 14.88 286 44 2294 119.4 84.6 
23 124.3 14.88 419 75 4220 149.9 82.1 
24 124.3 14.88 296 50 3574 179.7 83.1 
25 124.3 14.88 323 52 4490 206.9 83.9 
26 124.3 14.88 266 30 3948 220.9 88.7 
27 124.3 14.88 339 62 5240 230.1 81.7 
28 124.3 14.88 306 40 5316 258.6 86.9 
29 124.3 14.88 366 52 6850 278.6 85.8 
30 124.3 14.88 342 54 7100 309.0 84.2 
31 124.3 14.88 281 37 6420 340.0 86.8 
32 124.3 14.88 270 46 6760 372.6 83.0 
33 124.3 14.88 262 39 7030 399.4 85.1 
34 124.3 14.88 259 27 7460 428.7 89.6 
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Table 7. Biochemical oxygen demand and suspended solids in 
milligrams per liter 
Influent Effluent 
No. 
COD 
Ci 
Suspended 
solids 
COD Suspended 
solids 
1 588 668 410 295 
2 559 428 299 178 
3 561 295 263 172 
4 560 293 125 177 
5 489 376 174 143 
6 599 696 124 138 
7 718 444 187 162 
8 808 600 152 111 
9 674 544 219 231 
10 614 327 175 137 
11 880 628 181 119 
12 578 244 190 75 
13 682 416 117 75 
14 725 464 85 133 
15 765 500 98 191 
16 774 464 184 150 
17 782 536 108 95 
18 581 520 137 104 
19 562 290 210 150 
20 584 428 252 183 
21 540 228 169 40 
22 622 324 197 100 
23 820 548 148 203 
24 737 480 212 108 
25 804 592 69 135 
26 600 420 104 56 
27 872 524 133 118 
28 511 560 155 150 
29 866 556 209 94 
30 610 556 80 165 
31 676 412 99 158 
32 641 344 123 162 
33 651 344 181 79 
34 686 400 154 88 
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Table 8. Nitrogen concentrations in milligrams per liter 
ammonium-nitrogen 
Influent Effluent 
No. NHi^-N NO2-N NO3-N NH4-N NO2-N NO3-N 
1 57 
2 126 
3 97 
4 237 0.8 trace 102 8 112 
5 92 
6 223 3.0 0.7 40 70 115 
7 135 
8 67 
9 53 
10 56 
11 187 8.4 0.6 45 54 96 
12 129 
13 30 
14 210 0.2 2.6 47 18 146 
15 203 3.2 0.7 56 20 126 
16 43 
17 222 3.4 0.5 58 97 69 
18 120 
19 158 
20 226 4.5 0.8 71 19 140 
21 139 
22 80 
23 60 
24 138 
25 183 11.0 4.2 40 62 94 
26 98 
27 157 
28 134 
29 178 1.6 3.1 34 13 135 
30 84 
31 138 
32 77 
33 133 
34 139 
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D A T A  S E T  N O .  1  
HOD-REDUCTION EFFICIENCY, LEAST SQUARES FIT BY HARTLEY-GAUSS-NEWTON METHOD 
STARTING SET 1 OF THE PARAMETERS 
fCLE PARAMETER ESTIMATES, FOLLOWED BY SUM OF SOUARES OF ERROR 
1 0. bSCOOOOE 00 0 .  3C00000E-•02 -0. I550000E 03 0 .8000000E 04 0. 1982895E--01 
2 0. 6215259E oc 0. 3539830E-•02 -0. 11>49768E 03 0 .7999562E 04 0. 1628885E-01 
3 0. 6215073E 00 0. 3540185E-•02 —0 # 1549767E 03 0 .7999559E 04 0. 1628892E-01 
4 0. 621I762E 00 0 .  3546461E-•02 -0. 1549757E 03 0 .7999539E 04 0 .  1628839E-01 
5 0. 6210074E 00 0. 3549666E-•02 -0. 1549752E 03 0 .7999527E 04 0. 1628876E-01 
89 0. 61I8249E 00 0 .  3741l92t-02 -0. 1526943E 03 0 .7959887E 04 C. 1417769E-01 
90 0. 6I18020E 00 0 .  3742623E-02 -0. I526695E C3 0 .7959484E 04 0. 1417885E-01 
91 0 .  6118659E 00 0 .  3740000E-•02 -0. 152645IE 03 0 .7959102E 04 0. 141C362E-01 
92 0. 6X18516E 00 0. 3741073E-02 -0. 1526206E 03 0 .7958715E 04 0. 1409873E-•01 
93 0 . 6118983E oc  0. 3739523E-02 -0. 1525963E 03 0 .7958340E 04 0. 1404744E-01 
SOLUTION VECTOR IS 
THETA(I I 
0.61189455E 00 
0.37397782E-02 
-0.lb25.9157E 03 
0.79582656E 04 
0.4700000E 02 
0.5459998E 02 
0.6409998E 02 
0.742999VE 02 
0.108 70006 03 
0.2000000E 03 
C.131900CE 03 
0.163700CE 03 
0.2403000E 03 
0.2637996E 03 
0.2797000E 03 
C.322700CE C3 
0.3560000E C3 
0.3812000E 03 
0.419700CE 03 
0.4607Û00E 03 
0.4962996È 03 
0.598C0C0E 00 
0.5820CC0E 00 
0.6580000E 00 
0.7169999E 00 
0.8060OC0E 00 
0.869C000Ë 00 
0.77200COE 00 
0.8620ÔOOE 00 
0.857000CE 00 
C.812C0C0E 00 
0.8839999fc 00 
Ç.8370OC0E 00 
0.672COOOE 00 
0.88800C0E 00 
0.8640000E 00 
0.8640000E 00 
0.90300COE 00 
YHAT 
0.5829829E 00 
0.6251037F 00 
0.672809lt 00 
0.7167089E 00 
0.8072 764E 00 
0.8S5973bE 00 
C.8 347399E 00 
0.8543171E 00 
0.8733221E 00 
0.8762249E 00 
0.8 773 238E 00 
0.8811454E 00 
0,8830330E 00 
0.8841925E 00 
0.8856397E CO 
0.8868650e 00 
0.8877379E 00 
RESIDUAL 
0.1501709É-01 
-0.4310369E-01 
-0.1430913E-0I 
0.2909899E-03 
-0.1276374E-02 
0,3026426E-02 
-0.6273997E-01 
0.7682860E-02 
-0.1632214E-01 
-C.6422496E-01 
0.6176114E-C2 
-0.4414546E-01 
-0.1103300E-01 
0.3807425t-02 
-0.2163976E-01 
-0.2286506E-01 
0.I526213E-01 
RESIDUAL SUM UF SOUARES OBTAINED FROM FITTING OF THE ABOVE SET OF PARAMETERS 
RESI0UAL= 0.14C474CE-01 
Figure 14. Sample computer output from non-linear regression 
analysis: MLVSS constant 
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D A T A  S E T  N O .  2  
BQD-REOUCTION EFFICIENCY, LEAST SQUARES FIT BY HARTLEY-GAUSS-NEWTON METHOD 
STARTING SET 1 UP THE PARAMETERS 
CYCLE PARAMETER ESTIMATES# FOLLOWED BY SUM OF SQUARES OF ERROR 
1 0.6500000E GO 0.300OC00Ê-02 -0. 1550000E 03 0.8000000E 04 0.9902950E-02 
2 0.6462783E 00 0.2886097E-02 -0. 1550172E 03 0.8000754E 04 0.7991165E-02 
SOLUTION VECTOR IS 
THETAtI » 
0.64627516E 00 
0.288599808-02 
-0.15501723E 03 • 
0.80007539E 04 
X Y YHAT RESIDUAL 
0. 5I50000E 02 0. 6429999E 00 0 .6457893E 00 -0 .2789438Ë-•02 
0. 6230000E 02 0. 66800OOE 00 0 .6907189E 00 -0 .2271891E-•01 
0. 9320000É 02 0. 789G000E 00 0 .7786784E 00 0 .1032156E-01 
0. 1149000E 03 0. 846G000E 00 0 .8098109E 00 0 .3618902E-01 
,0. 1499000E. 03 0. 8210000E 00 0 .8334290E 00 -0 .1242906E-01 
0. 1797000E 03 0. 85800C0E 00 0 .8430485E 00 0 .1495147E-•01 
0. 2069000E 03 0. 8419999E 00 0 .8483616E 00 -0 .636I663E-02 
0. 2209000E 03 0. 8680000E 00 0 .8503707E 00 0 .1762927E-01 
0. 2301000E 03 0. 83000C0E 00 0 .8515032E 00 -0 .2150321E-01 
0. 2585999E 03 0. 8510000E 00 0 .8543168E 00 -0 .3316879E-•02 
0. 2785999E 03 0. 8310000E 00 0 .8558342E 00 -0 .2483422E-01 
0. 3090000E 03 0. 8390000E 00 0 .8576539E 00 -0 .1865387E-01 
0. 34000C0E 03 0. 88700C0E 00 0 .8590865E 00 0 .2791351E-01 
0. 3725999E 03 0. 81700COE 00 0 .8602737E 00 -0 .4327375E-01 
0. 3993997E 03 0. 8690000E 00 0 .8610727E 00 0 .7927239E-•02 
0. 4287000E 03 0. 8960000E 00 0 .8618083E 00 0 .3419167E-01 
RESIDUAL SUM OF SQUARES OBTAINED FROM FITTING OF THE ABOVE SET OF PARAMETERS 
RESIpUAL= 0.7991172E-02 
Figure 15. Sample computer output from non-linear regression 
analysis: detention time constant 
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D A T A  S E T  N O .  3  
HJD-REDUCTIUN EFFICItNCY, LEAST SQUARES FIT BY HARTLEY-GAUSS-NEWTON METHOD 
STARTING SET 1 OF THE PARAMETERS 
CYCLE PARAMETER ESTIMATES, FOLLOWED BY SUM OF SQUARES OF ERROR 
1 0.O5000Û0F 00 0.3COOCCOÉ-02 -0.15500CCE C3 0.3000000E 04 0.2910044E-01 
2 0.6122825E CG 0.34C71C4E-C2 -0.15499b7E 03 0.7999496E 04 0.1955649E-01 
SOLUTION VECTOR IS 
THETA(I » 
0.61225849É OC 
0.34073577E-02 
-0. 1.5499867E 03 
0.79994922E 04 
X Y YHAT RESIDUAL 
0 .4700000E 02 0. 596C0CCfc 00 0 .5881688E 00 0.98311906-•02 
0 .5459998E 02 C. 532C0C0E 00 c .6273292E 00 -0.4532921b-•01 
0 .640999BE C2 C. 656C0CCE 00 0 .6718386F 00 -0. 13838656-•01 
c .7429999E 02 0. 7169999t 00 0 .7129072E 00 0.40926936-•02 
0 .1C87000E 03 0. 8060000e 00 0 .7970442E 00 0.39557776-•02 
c .20COOOOE 03 0. 869CCOOL 00 0 .8494681E 00 0.19531856-•Cl 
c .1319000F 03 0. 77200C0E 00 0 .8218929E 00 -0.49892906-•01 
0 . I,637000fc 03 0. 8620000E 00 0 .8 392677E 00 0.22732326-•01 
c .240300CE 03 0. 83700COE 00 0 .8558 446E 00 C. 1155436E-•02 
0 .2637996F ,03 0. 812C000E 00 0 .8583523E 00 -0.46352336-•01 
0 .2797CÛCfc 03 0. 8839999E 00 0 .8597310b 00 0.2426893E-01 
0 .3227000E 03 0. 837C0C0E 00 c .8625895b 00 -0.25589536-01 
G .35600C0E 03 0. 8720oroe 00 c .8642108E 00 C.7789195E-•02 
0 .3812000E 03 0. 88800C0E 00 0 .86520496 00 0.22 795086-•01 
0 .4197000b 03 0. 86400CCE 00 c .8664452E 00 -0.2445221b-02 
0 .460700GE 03 3. 864COOOF 00 0 .8674950E 00 -0.34950386-•02 
0 .4962996E 03 0. 903C0C0E 00 0 .86824126 00 0.34 758816-•01 
0 .5150000E 02 0. 6429999E 00 c .611691)06 00 0.31304906-01 
0 .6250000E 02 0. 6680000E 00 0 .66473486 00 0.32652026-•C2 
0 .932000CE 02 c. 7890000E 00 c .76856386 00 0.2043617E-01 
G .119400CE 03 0. B460000E 00 0 .8 104674b 00 0.35532596-•01 
C .149900GE 03 0. 821C000E 00 0 .83319156 00 -0.1219153E-Cl 
c  .1797000E 03 0. 8310000E 00 0 .8445476E 00 -0.13547606-01 
0 .2069000E 03 0. 8i9000CE 00 0 .85082006 00 -0.11820026-•01 
c .22090006 03 0. 88700C0E 00 0 .8531921E 00 0.33807876-01 
c .2301000F 03 0. 8170000E 00 0 .85452906 00 -0.37529056-•01 
0 .2585999E 03 0. 8690000F 00 c .8578509E 00 C.1114905E-Cl 
0 .2785999E 03 0. 858CCC0E 00 0 .8596424E 00 -0.1642406E-•02 
0 .3C9000CE 03 c. 84199996 00 0 .8617907E .00 -0.19790836-•Cl 
0 .3400000e 03 c .  86800C0E 00 0 .8634821E 00 0.45179136-02 
0 .3725999E 03 0. 830000CE 00 0 .8648 8466 00 -0.34884636-Cl 
0 .3993997E 03 0. 851COCOE 00 0 .86582796 00 -0.14327976-01 
0 .428700CE 03 0. 896G0C0E 00 c  .8666956E 00 0.2930439E-Cl 
RESIDUAL SUM OF SUUARES OBTAINED FROM FITTING OF THE ABOVE SET OF PARAMETERS 
RESIDUAL: 0.19i)b648E-Cl 
Figure 16. Sample computer output from non-linear regression 
analysis: pooled data 
